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In this paper we consider a differential system of the form 
* = f(c 4, 09 
where f is a C=“-valued function satisfying the Caratheodory conditions locally 
in a set 52 C R x 0, and we deal with the following problem: 
If w C Q, under what conditions does there exist a solution x of(E) such 
that its right semigraph remains in w, i.e., G(x) n ([to, co) x C”) C w 
for some t, E prr w ? 
In 1947, Waiewski [15], in order to study this problem in the case where 
f is continuous and the solutions of (E) are uniquely determined with respect 
to their initial values, introduced its well-known topological method. In 1971 
Jackson and Kladsen [3] proved the theorem of Waiewski without the assump- 
tion of uniqueness. Earlier, in 1965, Staikos [lo, 111, in order to avoid the 
assumption of uniqueness, introduced an analytical method which has the 
additional advantage that it does not require the existence of any retraction, 
as the topological method does. This will be referred as the “Anti-Lyapunov” 
method and it is based on the characterization of the boundary points of w 
as points of egress, by some Lyapunov-like functions. 
The purpose here is to formulate the last method for differential equations 
of Caratheodory type. The main difficulty arises from the fact that the derivative 
along the solutions of (E) of the Lyapunov-like functions used does not exist 
in all points of &. This difficulty has been surmounted by introducing the 
new concept of semiregularity of the set w (Definition 2.3) and by generalizing 
the known concept of regularity (Definition 2.2). 
Also, in Section 3, some applications are given which concern the asymptotic 
relationship between the solutions of the Caratheodory systems 
(A + 37 9 = [A(t) + B(~)IY + .dh YL 
(A + B)rr+r 2 = {A(t) + B(f)lz + g(c 4 + f(& x>. 
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The results obtained not only extend known results to Caratheodory systems 
but also generalize, under weaker assumptions, the results of Staikos [13] 
and some other ones due to Onuchic [7] and Kartsatos [4]. 
1. PRELIMINARIES 
Let w be a nonempty subset of Sz and (to, x,,) = P, E w. For any subset II 
of Q we denote by A+ the set 
A’;= ((t, x) E A: t > to} 
and for any P E 52, by .9?(P) the set of all solutions of (E) passing through P. 
According to Waiewski [15] and Jackson and Klaasen [3] a point (T, 6) = 
P E Q n &J is a point of egress from w (with respect to the system (E) and the 
set W) if for any a solution x E T(P) there exists an E > 0 such that 
G(x / [T - 6, T)& w”, where G(x / I) = {(t, x(t)): t E I C Dom x}~ 
Also, a point of egress is a point of strict egress from W, if for any solution 
x E S(P) there exists an E > 0 such that G(x 1 (T, r + ~1) C Q - W. 
As usuahy the set of all points of egress (respectively of strict egress) from w 
will be denoted by we (respectively US,). 
The set w is said to be R-almost compact (cf. [ll]) if the set w n (K x C*) 
is compact for every compact subset K of the first projection pr, w of w. 
Clearly, any R-almost compact set is closed. 
2. THE MAIN RESULTS 
To obtain our results we need the following two lemmas, the first of which 
is an adaptation of the well-known theorem of diagonalization (cf. [l]). 
LEMMA 2.1. Let {t,} be a sequence in the interval [to , t*) with lim t, = t*. 
If F, is a compact subset of the Banach space C([t, , tJ, U?) and, for any TV E N, 
(fUy} is a sequence in F,, , then there exists a strictly increasing sequence of natural 
numbers (k,) such that for each p E N the sequence {fUa,} converges uniformly 
on [to , tU]. If, moreover, for every p E N, the sequence {f~,,+l)y} is a subsequence 
of {fUy}, then for any compact subinterval I of [to, t*), the subsequence {fkVrc,} 
of the diagonal sequence (fyV} is dejined on I for all large v E IV and converges 
Uniformly on I. 
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LEMMA 2.2. If the set w is R-almost compact and such that 
(aclJ)+ = (UP)+ 
then, for any P = (T, 0 E (a~)+ and x E S(P), we have 
[t, , T] C Dom x and G(x I[to > ~1) _C w. 
(J4 
Proof. Let /I = inf{s < 7: G(x 1 [s,T]) C UJ}. Since P E OJB~, we have /? < r. 
If to < /3, then, by the R-almost compactness of w and the theorem of con- 
tinuation of solutions, it follows that Q = (8, $3)) E (a~)+. But then Q E 0~88, 
which contradicts the definition of /3. 
THEOREM 2.1. If the set Q+ is open, w is R-almost compact and sup pri w = 
sup pr, Q, then, under the hypothesis (H), there exist a point P,, = (to , x,,) E w and 
a solution x E %(P,) which is asymptotic (to the right) in w”, that is 
G(x 1 Dom+ x) C UJO, where Domf x = [to, 00) n Dom X. 
Proof. Let t* = sup pri w = sup pr, 52. Since every point P = (T, 5) E 
(&J)+ is a point of strict egress, r < sup pr, w = t*. Thus 
&J n ({t*} x Cn) = 53. 
In view of (H), we consider a sequence {P,}, P, = (tY , 6”;) in the set (a~)+ 
with lim t, = t*, t, < tv+l , and a sequence of solutions {xv} of (E) such that 
X” E I, v = 1, 2,... . 
By Lemma 2.2, for arbitrary natural numbers p and v we have 
[to , t,J C Dam G+” and G(%” I [to > Ll) c w- (1) 
Sine fin+ is open, we may suppose that t, is chosen so that w n ([to, t,J x 
P) C @. So, due to the fact that the function f satisfies the Caratheodory 
conditions locally in JJ, there exists a function m, which is integrable on [t,, , t,] 
and such that 
If (6 4 < m,(t) for all t E [to , tu], p = I, 2 ,... . 
Now, we consider the set F, of all functions in C([t, , tJ, P) with G(v) C w 
and such that 
1 9J(s) - Y(r)/ < 1 J8’ m,(T) dT 1 for all s and t in [to , tJ. 
By the Arzela-Ascoli theorem the set F,, is clearly compact. Moreover, if xU,, = 
x~+~ 1 [to , t,] is the restriction of xP+” on [to , t,] then 
xw EF, 3 p, v = 1, 2 )... . 
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Consequently by applying Lemma 2.1, we conclude that there exists a 
subsequence {x,+,J of {.zw} which converges uniformly on any compact sub- 
interval of [to, t*). The limit function x is certainly a solution of (E), i.e., 
x E X(Pll) with PII = (to ,443 
Finally, by (I) and the choice of the sequence {x,}, it is obvious that 
Dam+ x = [to, t*) and G(x I [t, , t*)) C co. 
It remains to prove that 
for every t E [to , t*). 
If we assume that (7, X(T)) E &, for some 7 E [to , t*) then P = (T, X(T)) E use 
and consequently there exists an E > 0 such that G(x j (7,~ + ~1) _C Q - W, 
a contradiction. 
The most difficult part in the applications (cf. Section 3, below) is in general 
to verify assumption (H). Waiewski [15] in order to establish conditions for 
the validity of (H) introduced the concept of regular polyfacial sets. Also, 
for the same reason, Onuchic [7] and Staikos [l 1, 121 considered the more 
restrictive concept of strict regularity, eliminating in this way the distinction 
between positive and negative faces. These ideas are extended below and 
unified in the concepts of regular, semiregular, strictly regular and strictly 
semiregular polyfacial sets (Definitions 2.2 and 2.3). 
Let q be a real-valued function, defined on Q. 
DEFINITION 2.1 [17, p. lo]. The function q is absolutely continuous with 
respect to the first variable uniformly with respect to the second one on Q, iff for 
any E > 0 there exists a S(E) > 0 such that for any finite collection of disjoint 
and open intervals (tl , T,), (tz , TV) ,..., (tY , T,) included in priQ with 
~~=,(~i - ti) < S(E) and any choice of points xi, x2 ,..., X, in pr& with 
(ti , xi) E 12, i = 1, 2 ,..., n, we have 
The set of all such functions will be denoted by AC,(Q). 
The function q is absolutely continuous with respect to thejirst variable unniformly 
with respect to the second one locally in Q, iff for any point P E Q there exists 
a neighborhood U of P such that (4 / U n Q) E AC,(U n Sz). Similarly, 
AC,,,(Q) will be stand for the set of all such functions. 
Let h E C(Q, C”) be a function satisfying the Lipschitz condition locally 
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in Sz, i.e., for any point P E Sz there exist a neighborhood U of P and a constant 
L > 0 such that 
I w, 4 - a Y>l < L I x - y I for every (t, X) and (t, y) in Sz n U. 
The set of all such functions will be denoted by L1,,(s2). It is noteworthy (cf. 
[9, p. 771) that h EL&Q~) iff for any compact subset W of JP the function h 
satisfies the Lipschitz condition on W. 
Throughout the sequel we assume that the set sZ+ = Sz n [(to, 00) x P] 
is open. Moreover, taking into account the Definition 1, the fact that an absolutely 
continuous function has a derivative almost everywhere in its domain (cf. [16j) 
and the fact that a solution of Eq. (E) is absolutely continuous locally in its 
domain, it is easy to prove the following proposition. 
PROPOSITION 2.1. If x is a solution of (E) and q is a function in L1,,(9+) n 
AC, &s2+), then the function q(t, x(t)) h as a derivativefor almost all t E Dom+ x = 
[to , co) n Dom X. 
We now consider the functions 
pi ~-&(f4 n GlooP!), i = 1, Z..., PI + p2 , 
where p, > 0 and p, 2 0 are integers, and the sets 
0 = {(t, x) E Sk t 3 to, qi(t, x) d 0, i = 1, 2 ,..., p, + pz} 
Qi = {(t, x) E w: qi(t, x) = 0}, i = 1, 2 ,..., p, +p,. 
According to Wazewski [ 15, Sects. 14, 151 we say that the set w is a polyfacial 
set and the set Qi is the ith face of w. Clearly 
%+% 
Fl Qi - ({to) X @“I = (au)+. 
As an example of functions in Ll&SZ+) n ACUr,, we mention here any 
function q defined by a formula 
q(4 “4 = I xi - ?wl” - 9”(t), x = (x1 , 22 ,..., xn), 
where 4 and v are real-valued functions which are absolutely continuous on 
[to P a). 
DEFINITION 2.2. The polyfacial set w is regular iff 
(i) for every i = 1, 2,...,p, and any solution x E S(P), P = (7, 5) E Qi 
there exists an E > 0 such that 
for almost all t 6 [r - E, 7 + 61. (2) 
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(ii) If p, > 0, then for every i = p, + l,p, + 2,..., Pi + Ps and any 
solution x E X(P), P = (T, t) E Qi there exists an E > 0 such that 
for almost all t E [T - E, 7 + ~1. (3) 
The polyfacial set w is strictly regular iff it is a regular polyfacial set and 
p, = 0. 
DEFINITION 2.3. The polyfacial set w is semiregukr iff for every i = 1, 2,..., 
p, + p, there exists an open neighborhood Vi of Qi so that 
(i) for every i = 1, 2,...,p, and any solution x E X(P), P = (7, [) E 
Vi n WO, there exists an E > 0 such that (2) is satisfied, 
(ii) if p, > 0, then for every i = p, + l,p, + 2,...,p, + p, and any 
solution x E z(P), P = (T, 5) E Vi n w”, there exists an E > 0 such that (3) 
holds. 
The polyfacial set w is strictly semiregular iff it is a semiregular polyfacial 
set and pa = 0. 
We need the following lemma: 
LEMMA 2.3. Let w be an R-aZmost compact and stuictZy semiregular poZyfacia2 
set. Then for every P = (T, E) E w0 and every solution x E 9?(P) we have 
[t,, , T] C Dom x and G(x 1 (t,, , T]) C w”. 
Proof. We assume that the conclusion fails. Then, because of the R-almost 
compactness of w, there exist a solution x E.!%(P) and a point t, E (t,, , T) n 
Domx so that for some i~{l, 2,..., p,} 
(tl j X(h)) E Qi and G(x / (&, T]) c cd’. (4) 
Now, by the fact that the set w is semiregular polyfacial set, we consider 
a neighborhood Vi of Qi as in Definition 2.3. So, if 
2, = sup{t E [tl , T]: G(x 1 (tl , t]) c vi n w”} 
then it follows that 
CZdt, t X(b)) = 4i(tl 3 x(tA) $ [r 4i(Ss X(S)) ds = It:" gi(S, X(S)) ds > 0, 
which is a contradiction, since in view of (4), we have (tz , x(Q) E OJO. 
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PROPOSITION 2.2. If w is an R-almost compact and strictly semiregular 
poZyfacia1 set then for every P = (7, I) E (au)+ there exists a solution x E S(P) 
with 
[t, , T] C Dom x and G(x I [to, ~1) C w. 
Proof. We consider an arbitrary point P E (au)+, a sequence {PJ in w0 
with lim P,, = P and a sequence {x”} of solutions of the system (E) such that 
X,Ez”(P”), v = I,2 )... . In view of the continuous dependence of solutions 
upon the initial values and the fact that we can restrict ourselves to a suitable 
subsequence, we may suppose that there exists a solution x E Z(P) with 
lim X, = x uniformly on all compact subsets of Dom X. If we assume that 
Dom- x C [to, T] then obviously there exists a t, E Dom- x such that (tr , x(Q) E 
Q - w. But this leads to 
for all large v E N, 
which, by Lemma 2.3, is a contradiction. Consequently, to E Dom x and since 
G(x” / [to, prr P,]) C W, v = 1, 2 ,..., it follows that G(x I [to, T]) C W. 
THEOREM 2.2. If the set Q+ is open and w is an R-almost compact and strictly 
semiregular polyfacial subset of Q such that 
sup pr, w = sup prr Q, 
then there exist a PO = (to, x0) E w and a solution x E T(PO) which is asymptotic 
(to the right) in CO, i.e., 
G(x 1 Dom+ X) C W. 
Proof. If t* = sup prr w = sup prr a, then, since sZ+ is open, it follows that 
&I n ((t*] x P> = 0. 
Thus, in view of Proposition 2.2, the proof of the theorem can be carried out 
by following step by step that of Theorem 2.1. 
3. APPLICATIONS 
In this section we shall compare the solutions of the differential systems 
(A + Bh j = [A(t) + WI y + & Y), 
(A + B)o+f .e = [A(t) + B(t)]x + g(t, x) + f(t, x), 
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where 
and the functions ai , j?, (i,j = 1, 2 ,..., n) are locally integrable in [to, co) 
and the functions f and g satisfy the Caratheodory conditions locally in D = 
[to , co) x C”. Moreover, the function g is smooth enough so that there exists 
a solution y of the system (A + B), with sup(Dom x) = 03. 
We now introduce the notations 
ei(t) = exp (-i: / Re a*(s)] A) (i = 1, 2 ,..., n), 
?Vm = {y: y is a solution of (A + B), with sup(Domy) = ~a}, 
Za = {x: x is a solution of (A + B)B+f with sup(Dom x) = coj 
and we deal with the problem below. 
PROBLEM. Under what conditions, for each solution y E CP, does there exists 
a solution x E 3F such that 
I x,(t) - Y&>l = Q&)> us t--+cO (i = 1, 2,..., n) (5) 
or especially 
v-2 [x(t) -y(t)] = 0 ? (6) 
We consider a solution y E?@, n real-valued absolutely continuous locally 
in [to , + co) functions yi and the functions qi ELM,, n ACUIO,(Q) defined by 
4&P x) = I xi - Y&l2 - qQ2(t), (i = 1, 2 ,..., n). 
It is clear that the set 
w = {(t, x) 6 52: t 3 t, , qi(t, x) ,< 0, i = 1, 2 ,..., n} 
is an IF&almost compact set. Our intention is to prove that, under appropriate 
assumptions on the systems (A + B), and (A + B),+f, it is also a strictly 
semiregular polyfacial set. 
The following lemma is an adaptation of another one due to Staikos [12, 131. 
LEMMA 3.1, If x is a solution of (A + B),+f and 
1(x, w> = pr,(G(x) n CO) = (t E [w: (t, x(t)) E W} 
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then for each i = I, 2,..., n and almost all t E I(x, W) 
We need three more lemmas which concern the linear differential equation 
t?J + +>w +y(t) = 0, Pv 
where the functions o(t) and y(t) are locally integrable in [t, , co) and y(t) > 0 
for almost all t > t, . These lemmas assure the existence of a solution of (W) 
with a certain asymptotic property and are essentially due to Staikos [12, 131, 
though the origin of the ideas dates back to Szmydtowna [14] and Onuchic [7]. 
LEMMA 3.2. If j” (y(t)/a(t)) dt < 00, then there exists a positive so&on w 
of(W) with 
w(t) = 0(&N, as t+cq 
where a(t) = exp(-Jf. u(r) d7). 
LEMMA 3.3. If s” y(t) dt < 0~) and M is a constant such that 
s 
v 
u(t) dt < M for every u and v with v 3 u 2 t, 
I‘ 
then there exists a positive solution w of (W) with lim,,, w(t) = 0. 
LEMMA 3.4. If the function 0 is negative for almost all t > t, and 
y(t) = o(o(t)) as t--f co 
the-n there exists a positive solution w of (W) with lim,,, w(t) = 0. 
We assume now that for some solution y E @P there exist functions pi , Bi 
(i = 1, 2,..., n) on [to, co) such that for every i = 1,2 ,..., n we have 
I & u + y(t)) - g& Y(Q)1 G Pi(t), (8) 
Ifi(4 u + YCt))l G ei(t> (9) 
for every (t, U) E Q+ with u “small” enough in a sense which will be determined 
in each of the following three theorems. 
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THEOREM 3.1. Consider a solution y E YJfm and suppose that for each i = 
1, 2,..., n the following conditions hold: 
(i) There exists an Y > 0 such that (8) and (9) are satisjied for every 
(t, u) E .Q with t > to and 
I 4 I G re&) (i = 1, 2,..., n) 
(ii) m -$$ (I Re A(t)I + I &(t)l) dt < ~0, j# 6 
8 
I 
m Pi@) + hct> & < co 
G(t) 
Then there exists a solution x E Xm satisfVing the order relation (5), i.e., 
I xi(t> - Yi(t)l = o(4)> as t-cc (i = 1, 2 ,..., n). 
Proof. We consider the linear differential equations 
ti + U,(t)W + ri(t) = 0 (i = 1, 2,..., n) 
where 
WJJ 
ai = 1 Re ai(t 
rdt> = 4) (I Re Ai(t>l + C I Bu(t)l) + P,(t) + edt> + E(t) 4th 
j#ii 
and E is a positive continuous function on [to, co) with j” c(t) dt < 00. 
By (ii), (iii), and Lemma 3.2, Eq. (Wi) h as a solution vi(t) such that p){(t) = 
o(ei(t)), as t + 00. Since 0 < ei(t) < 1, t > to (i = 1, 2 ,..., n), without loss of 
generality, we may assume that t, is large enough so that 
dt) < min(l, rei(t)> for every t > t, (i = 1, 2 ,..., n). (10) 
We consider now the [W-almost compact set 
w = {(t, x) E Q: t > t, and qi(t, x) = 1 xi - yi(t)i2 - p<“(t) < 0, i = 1, 2 ,..., n} 
and we shall prove that it is a strictly semiregular polyfacial set. For this purpose, 
let x E X(P), P = (7, 5) E w0 be a solution of the system (A + B), . We choose 
an E > 0 such that [T - E, T + C] CI(x, W) = pr,(G(x) n w). 
By Lemma 3.1, the function qi(t, x(t)) h as a derivative and satisfies inequality 
(7) for almost all t E [T - 6, 7 + l ]. Since (t, x(t)) E w for every t EI(x, w), 
from (10) it follows that 
I xi(t) - Yi(t)l < 9-3(t) < n-W, r%(t)> for every t E [T - E, 7 + ~1. 
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Thus, by assumption (i), 
Consequently, by inequality (7), for any i = 1, 2,..., 1z we have 
Qi(4 x(t)> > --2%W[pi&) + 4) 944 + I&>1 = 0 
for almost all t E [r - E, 7 + e], 
By choosing Vi = R! x Cc (; = 1,2,..., n), it follows that w is a strictly 
semiregular polyfacial set. 
Finally by applying Theorem 2.2, we conclude that there exists a solution 
x E ZP which is asymptotic (to the right) in w. But, by the definition of w, 
this means that the solution x satisfies the order relation (5). 
EXAMPLE. Let the Caratheodory system 
4 = a(t) Xl + t-2(X, + 34, 
$2 = a(t) 32 + t-2(X, + x2), 
where the function 
(12) 
u(t) = 1 cos t l/2 1 sin t jlpa if krr < t < krr + ~12, 
= 0 if t = kn-, 
= --I cos t l/2 1 sin t j112 if kr + 7r/2 < t < (k + l)~, 
is locally integrable in [?r, oo), but not continuous. In order to apply Theorem 3.1 
we consider the system 
3;*1 = a(t) x1 , k2 = u(t) x2 
as well as its solution y(t) = (exp [ sin t 11/2, exp I sin t /1/2), t 3 rr. Since the 
functions ei(t) = exp(-- sin t Iliz), t > v (i = 1, 2) are bounded, it is easy 
to see that for Y = 1, pi - 0 and Oi(t) = (2ei(t) + 2e)/t2, t > r (i = 1, 2) all 
assumptions of Theorem 3.1 are satisfied. Hence there exists a solution x = 
(Xl, 2 x ) on [?T, co) of system (12) which satisfies the order relation 
%W - exp 1 sin t Ill2 = o(1) as t-+m. 
A real-valued function v is said to be locally almost everywhere bounded 
in ~71 interval I C Dom v iff for any 7 E I there exist M > 0 and 6 > 0 such that 
I &)I < M for ahOSt all t EIn [T - 6, 7 f 81. 
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THEOREM 3.2. Consider a solution y E gym and suppose that for each i = 
1, 2,..., n the following conditions hold: 
(i) There exists an Y > 0 such that (8) and (9) are satisjied for every 
(t, u) E Q with t > t, and / u [ < r. 
(ii) The positive part of the function Re ai is locally almost everywhere 
bounded in [to, co). 
(iii) There exists a constant M such that 
M< s ’ Re ai dt for all u and v with v >, u > t, . u 
If in addition for any i, j = 1, 2,..., n with i # j 
I m (IRe hi(t)I + IBij(t)l + P,(t) + oi(t)) dt < ~0, 
then there exists a solution x E %“t^m satisfying the order relation (6), i.e., 
‘,l+F [x(t) -y(t)] = 0. 
Proof. For each i = 1, 2 ,..., n, we consider the linear differential equation 
(WJ with 
q(t) = -Re q(t), 
r&> = I Re B&)l + 1 I P&)l + p&l + b(t) + 4th 
j#i5 
where the function E is as in the proof of the previous theorem. 
By Lemma 3.3, there exists a positive solution v’i of (WJ such that lim,,, 
vi(t) = 0. So, without loss of generality, we can assume further that 
p)(t) < min(1, r} for all t > t, . (13) 
Let P = (?, [) E @ . By assumption (ii), there exist positive numbers 
M(P”) and 8(P”) < 7 - t, such that 
Re ai(t) < M(P) for almost all t E [T - 8(P), 7 + S(P)]. 
If, we put K(P) = min{pli(t) c(t): - T - S(P) < t < T + S(p)) > 0 then, since 
g,(p) = 0 and the function qi is continuous, the set 
V(p”) = {(t, x) E Q: / q&, x)1 < @)/M(p)} (14) 
543’5/3-9 
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is an open neighborhood of the point P and moreover the set 
vi = u (V(P): FE Qf) 
is an open neighborhood of Qi (i = 1,2 ,..., n). 
We consider now a solution x E s(P), P = (7, 5) E Vi n w” of the system 
(A + %+f and a S > 0 such that 
G(x 1 [T - 6, T + S]) C Vi n t.8. (15) 
From (14) and (15) it follows that 
I xi(t) - r&>l < pi(t) < mW, 4 for all t E [T - 6, 7 + S], 
which, by (i), implies (11) f or E = S. Therefore, by Lemma 3.1, for almost all 
t E [T - 6, T + S] we have 
!m x(t)) > --2&)Mt) + 4) Pi(t) + r&)1 
+ dt> 4 + Re 4 q&, x(t)> 
= dt) +) + Re 4t) q&, x(t)). (16) 
Next, we consider any point P E Qi such that P E V(P), where the neigh- 
borhood V(p) is defined by (14). Furthermore, without loss of generality, 
we assume that G(x 1 [T - 6, 7 + S]) C V(P). Then 
for almost all t E [T - 6, 7 + S]. (17) 
Indeed, because of (15), it follows that (17) is valid for every t E [T - 6, T + S] 
for which Re ai < 0 and (16) is satisfied. If t E [T - 6, 7 + S] is such that 
Re ai > 0 and (16) is satisfied, then from (14) we obtain 
&(t, x(t)> > dt) 4) + Re 4) q& 49 
3 vi(t) 4 - Re 4) I q& x(t))1 
3 m - we I q&, W)l > 0 
and hence (17) is also valid. 
Because of (17), the set 
w = {(t, X) E Qn: t > t, and qi(t, x) < 0, i = 1, 2 ,..., EZ} 
is a strictly semiregular polyfacial set. 
Finally, by applying Theorem 2.2 and taking into account the fact that 
lim t+m vi(t) = 0, we easily conclude the existence of a solution x E ZP satisfying 
the order relation (6). 
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THEOREM 3.3. Consider a solution y E%~ and suppose that for each 
i = I, 2,..., n the following conditions hold: 
(i) There exists an r > 0 such that (8) and (9) are satisJied for every 
(t, u) E Q with t > t, and 1 u 1 < Y. 
(ii) The function Re ai is positive and locally almost everywhere bounded 
in [to , 03). 
If, moreover, for any i, j = 1, 2 ,..., n with i # j 
I Re P&)l + I B&>l + p&J + 4(t) = 4Re 4t>) as t-+00 
then there exists a solution x E SF satisfying the order relation (6), i.e., 
2-z [x(t) - y(t)] = 0. 
Proof. We consider the differential equation (W,) with 
ui(t) = -Re ai( 
At) = I Re /WI + 1 I ,&&>I + z%(t) + h(t) + 4) Re Q>, 
j#ij 
where now the function E is positive and continuous on [to , CO) with lim,,, 
r(t) = 0. 
By Lemma 3.4, there exists a positive solution vi of (W,) with lim,,, vi(t) = 0 
and such that (I 3) is valid. As in the proof of the previous theorem, we consider 
the neighborhood Vi of Qi and any point P E Vi n UP; and also we choose a 
6 > 0 so that (15) is satisfied. 
Following step by step the proof of Theorem 3.2, we get 
44t, x(t)> 3 --2v4t)@&) + 4) dt> + At>1 + vi(t) 4 + cl&, x(t)) Re 4) 
= dt) 4) + qi(t, x(t)) Re 40, 
which, by virtue of (15) and the definition of Vi leads to 
4&? x(t)) > 0 for almost all t 6 [T - 6, 7 + 61. 
The remainder of the proof is now obvious. 
Note. We consider two n x n, nonsingular absolutely continuous locally 
in [to , co), matrix-functions C = (cii(t)) and D = (dii(t)). If we set 
z = cy and w = Dx 
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then the systems (A + B), and (A + B),+f are, respectively, transformed into 
(A + B>f 2 = (CC-l + A + CBC-l)z + Cg(t, C-lx), 
(A + B):+, ti = @D-l + A + DBD-l)w + Dg(t, D-lw) + Df(t, D-lw). 
If now, for some y EGP, the solution z = Cy of the system (A + B),* is 
such that the assumptions of one of Theorems 3.1, 3.2, or 3.3 are satisfied 
for the systems (A + B),* and (A + B),*,, , then there exists a solution x E !P 
with 
‘;1~ [D(t) x(t) - C(t)y(t)] = 0. 
Thus, we can derive some results of Onuchic [8] as special cases of ours. Also, 
several special cases can be obtained which are closely related with those of 
Levinson [6j, Chiba and Kimura [2], Onuchic [8], Kartsatos and Michaelides 
[5], and others. 
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